
This paper is  a condensation of a thesis which was submitted 
in partial fulfillment of the requirements for the degree of Mas- 
ter of chemical engineering by M. V. Hollander at New York 
University, New York, New York. 

NOTATION 

A =  

c‘ = 
c =  

ci = 

c2 = 

D =  
L =  

effective area, sq. cm. 
concentration, counts/time, or moles/cc. 
concentration in lower reservoir, countdtime, or 
moles/cc. 
concentration in upper reservoir at time = ti, 
countdtime, or moles/cc. 
concentration in upper reservoir at  time = t2, 
counts/time, or moles/cc. 
difhsivity, sq. cm./sec. 
thickness of diaphragm, cm. - -  

t, ti, t z  = time, hours 
V = volume of upper reservoir and circulation sys- 

tem, cc. 

x 
p = viscosity, centipoise 

= distance to any point in the diaphragm 
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Fluid Flow and Convective-Radiative Energy 
Transfer in a Parallel-Plate Channel Under 
Free-Molecule Conditions 

E. M. SPARROW and V. K. JONSSON 
University of Minnesota, Minneapolis, Minnesota 

The flow of a highly rarefied gas in a parallel-plate channel and the transfer of heat owing 
to simultaneous thermal radiation and free-molecule convection has been investigated analytic- 
ally. The analysis is facilitated by analogies which exist between the processes. The mass 
throughflow has been determined as a function of the temperatures and pressures of the system 
and of the channel dimensions. The heat transfer analysis i s  first carried out in general and then 
specialized to the boundary conditions of uniform wall temperature, uniform wall heat flux, and 
the adiabatic wall. I t  was found that a t  temperature levels corresponding to room temperature 
and above, the results for the combined convective-radiative transport differed little from those 
for a purely radiative transport. 

This paper is concerned with the fluid flow and heat 
transfer characteristics of a highly-rarefied gas passing 
through a parallel-plate channel. The density level of the 
gas is such that collisions among molecules of the gas are 
much less probable than are collisions between the gas 
molecules and the bounding walls. This is called the 
regime of free-molecule flow. The very low gas density is 
effective in decreasing the convective energy transport, 
and as a consequence any complete analysis of the heat 
transfer must include the interchange of thermal radia- 
tion between the walls of the channel. Such an analysis 
including simultaneous convection and radiation is pre- 
sented here. The relative importance of the two transport 
mechanisms will be carefully investigated. 

The fluid-flow analysis will lead to a relationship be- 
tween the mass flux through the channel and the pres- 
sures and temperatures at  the inlet and exit. From the 
energy transport analysis, a relationship between wall 
temperature and wall heat transfer will be derived. The 
flow problem for the parallel-plate channel has been pre- 
viously studied by DeMarcus (1) with a variational 
method. Comparison of his results with those of this 

analysis will be made later. Within the knowledge of the 
authors, the heat transfer problem for the parallel-plate 
channel has not been previously studied with or without 
radiation. It is the heat transfer problem which forms the 
larger part of this study. 

The analysis to be reported here is facilitated by an 
analogy between the transport of mass and energy in a 
rarefied gas on one hand and the transport of thermal 
radiation on the other hand. This analogy is described in 
a general manner by Eckert (2). The specific application 
of the analogy to the free-molecule flow situation has 
been made in reference 3. There, consideration was given 
to flow and convective-energy transport (without radia- 
tion) in a circular tube. To assist in a concise presenta- 
tion here, reference will be made to this prior work when- 
ever possible. 

A Schematic diagram of the flow system is presented in 
Figure 1. The channel is of length L and of height h. The 
coordinate x measures the distance from the entrance. The 
channel connects two reservoirs which are of sufficient 
size so that thermal equilibrium exists within each. The 
left-hand reservoir has pressure and temperature pi and 
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Ti, while the right-hand reservoir has pressure and tem- 
perature p2 and T2. Pumps in an external circuit maintain 
the pressures at steady values. The reflection of mass and 
the emission and reflection of thermal radiation at the 
channel walls is assumed to be diffuse. 

FLUID-FLOW ANALYSIS 

For the condition of free-molecule flow, the molecules 
which originate in the left-hand reservoir and stream 
through the channel are unaware of the molecular stream 
from the right-hand reservoir. Therefore, each stream can 
be treated independently and the simultaneous effects of 
both streams can be found by linear superposition. Con- 
sideration will first be given to mass originating in the 
left-hand reservoir. 

The flow problem is formulated by appIying mass con- 
servation at a typical location on the channel wall, say xo, 
with area dAX,. The rate at which mass strikes xo must be 
exactly equal to the rate at which mass streams away from 
xo. The mass incident at xo comes from two distinct zones: 
directly from the duct entrance, and by reflection from 
other locations on the duct wall. The mass flow per unit 
time and area entering the channel from reservoir 1 is 

ml = pl /d%RTl  (1) 
This is uniformly and diffusely distributed across the 
channel entrance. Of this, an amount 

mi Fxo-i (2a)  
arrives per unit area at XO. The quantity F is termed an 
angle factor ( 4 ) .  It represents the fraction of the diffusely 
distributed mass flux (or radiative flux) leaving one sur- 
face which arrives at a second surface. 

Next, consider the mass arriving at xo owing to inter- 
reflection. If m(x) denotes the mass streaming away from 
a surface element at a location x per unit time and area, 
then m(x) dF,,-, represents the amount of mass from 
location x which strikes per unit time and area at xo. But 
mass arrives by interreflection at xo from all surface lo- 
cations 0 6 x 4 L on the opposite channel wall and the 
total contribution is found by integration as 

The sum of expressions (2a) and (2b )  must equal the 
mass m(xo) streaming away from xo per unit time and 
area. Introducing dimensionless variables, there follows 

f(x0)  = Fxo-i + ji=, f ( x )  dFxo-x (3) 

f = m/mi, X = x /L  (4)  
in which 

This is an integral equation, since the unknown f appears 
under the integral s i p  The solution of Equation (4) 
gives, in dimensionless terms, the distribution of mass flux 
incident or leaving surface elements as a function of po- 
sition along the length of the channel. 

If the solution for m(x) corresponding to mass stream- 
ing into the channel from the left-hand reservoir is 
mif (x) , then from the symmetry of the situation, it is ap- 
parent that the m(x) corresponding to mass streaming in 
from the right-hand reservoir is mzf( L - x) .  The quan- 
tity m2 is found by exchanging subscripts 2 for subscripts 
1 in Equation (1) .  For the simultaneous action of both 
molecular streams, ,the m(x)  is 

9 
TZ f 

>KL--y s 
r 

h 

RESERVOIR I RESERVOIR 2 

Fig. 1. Schematic of the physical system. 

This expression will be useful in the forthcoming heat 
transfer analysis. 

The derivation of the mass flow through the channel is 
facilitated by first considering only the molecular stream 
owing to the left-hand reservoir 1. The net rate of mass 
thrqughflow is the difference between the mass streaming 
into the channel from reservoir 1 and that which returns 
to the reservoir as a result of reflections at the channel 
walls. The mass entering the channel from reservoir 1 per 
unit width normal to the plane of Figure 1 is mih. Next, 
considering the back reflection, an amount 2m (x) Fs-idx 
returns to reservoir 1 from locations x on both channel 
walls, and the mass returning from the entire channel 
length is simply the integral of this. If M represents the 
net rate of throughflow per unit channel width, then 

M = mih - 2 I m(x) Ft-idx = 
L 

1 
mih [ 1 - 2 (L/h) 1 f ( X )  Fx-idx ] (6u)  

where dimensionless variables have been introduced. The 
foregoing is owing to mass originating at the left-hand 
reservoir. 

A similar expression applies for mass originating at the 
right-hand reservoir 2, except that mi is replaced by m2 
and Fx-1 by Fz-z: 

M = - [  m h - 2  S,”m(x) Fz-zdx] (6b)  

The negative sign is affixed because the latter mass 
throughflow is opposite in direction to that of Equation 
(6a) .  The m(x) appearing in Equation (6b )  may be re- 
placed by m2f ( L  - x) . In addition, it is easy to show that 

L 
f (L -x )Fz -2dx  = f(x)F,-idx 

Thus Equation (6b )  takes a form similar to the right- 
hand member of (6u) with the exception that - mzh 
multiplies the bracket instead of mih. 

The net rate of mass throughflow owing to the simul- 
taneous streams from both reservoirs is found by adding 
Equations (6u)  and ( 6 b ) ,  thus 

- - M/h 
1 

1 

1-2(L/h)  f ( X )  Fx-idX (7) 

The right side of this equation will be subsequently 
shown to depend only on the channel length-to-height 
ratio L/h. Therefore, Equation (7) embodies the de- 
pendence of the mass throughflow on the temperatures 
and pressures of the system and on the dimensions of the 
channel. 

The key to the numerical evaluation of the mass 
throughflow is the function f ( X ) .  It is necessary to solve 
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x/L 
Fig. 2. The function f(x1 for the mass flow problem. 

Equation (3)  to obtain f. As a prelude to these solutions, 
the angle factors Fx,-i  and dFx, -x  are needed. These 
are available in the literature on thermal radiation as (for 
instance, reference 5) 

1 
F x , - i = - [  2 1 -  x o 2  + ( h / L ) 2  

1 
(h/L)ZdX 

When the foregoing angle factors are considered, it is 
clear that the solution of Equation (3) will depend on a 
single parameter, L/h. 

Exact analytical solutions cannot be obtained for Equa- 
tion (3) and numerical means were employed instead. 
The numerical procedures are similar to those outlined 
in reference 3 and need not be repeated here. The f (x) 
thus determined have been plotted in Figure 2. It may 
be observed that the abscissa covers the range from x = 
0 to x = 0.5L. As noted on the figure, the f values for 
0.5L < x L L are simply obtained as 

f ( x )  = l - f ( L - x )  (9) 

The proof of this property as given in the appendix of 
reference 3 also applies here for the parallel-plate chan- 
nel. When it is recalled that f is proportional to the mass 
incident on the channel wall owing to the stream from 
reservoir 1, the curves of Figure 2 are physically plausible. 
For short channels, there is very little variation along the 
length; for long channels, there is substantial variation 
along the length. When the figure is carefully inspected, 
it is seen that the curves corresponding to small L / h  are 
slightly concave downward, while those for large L / h  are 
concave upward. 

Utilizing these f solutions, the mass throughflow has 
been evaluated from Equation (7) and then plotted as a 
solid line in Figure 3 as a function of L/h.  As expected, 
the figure shows that for fixed temperature and pressure 
conditions, the mass throughflow decreases with, increas- 
ing channel length. The direction of mass flow is from 
the reservoir having the higher value of p/dF to the 
reservoir having the lower value of p/dT In particular, 

for isothermal conditions Ti = TP,  the flow direction is 
from high to low pressure. On the other hand, when pi 
= pz,  the 00w direction is from low to high temperature. 

In the analysis by DeMarcus ( I ) ,  the function corre- 
sponding to our f was approximated by a straight line, 
and the calculus of variations was employed to find the 
best straight line consistent with Equation (3 ) .  A straight 
line for f is seen to be in error (Figure 2) for the chan- 
nels of large L/h. Notwithstanding this, the mass flow 
results derivable from DeMarcus's analysis agree quite 
well with 'the present results. To provide a simple compu- 
tational formula for large L/h,  the authors of this paper 
have derived an expression for M as an extension of De- 
Marcus's analysis and have taken the leading terms of 
this expression for large L/h.  These are shown as a 
dashed line on Figure 3, from which it is concluded that 
[ln(ZL/h) - 0 . 5 ] / ( L / h )  is a good approximation for 
the mass flow parameter for L/h  > 5. 

GENERAL ANALYSIS OF ENERGY TRANSPORT 

A general formulation of the heat transfer problem en- 
compassing arbitrary thermal boundary conditions will be 
carried out first. Later, consideration will be given to the 
cases of uniform wall temperature, uniform wall heat 
flux, and the adiabatic wall. 

The net heat transfer q per unit time and area at some 
surface location is the sum of the separate contributions 
qr and q m  owing respectively to the net radiation and to 
the net molecular convection: 

q = qr + qm ( 10) 
The quantities q, qT, and q m  are all taken as positive 
when heat flows out of the surface. It is now necessary to 
relate qT and 4rn to the thermal and flow parameters of 
the system. These derivations are quite lengthy, and only 
a general outline will be given. 

For the net radiative flux q r  at some location xo (area 
dAZ,) there are the following contributions to be con- 
sidered: the emission, cvT4 ( xo) , the radiation from reser- 
voirs 1 and 2 which is directly incident and is absorbed 
at xo, and the radiation from all other surface loca- 
tions on the channel wall which arrives and is absorbed 
at xo. Because there is thermal equilibrium in the reser- 
voirs, the radiation streaming into the channel is black- 
body radiation which is uniformly and diffusely distri- 
buted across the sections at x = 0 and x = L. From res- 
ervoir 1, an energy flux oT14 Fzo-i arrives at xo per unit 
time and area; the corresponding quantity from reservoir 
2 is uT24 Fso-2. Of these, a fraction Q! is absorbed. The 
absorbed energy flux owing to radiation leaving other 
surface locations requires a somewhat lengthy deriva- 
tion which will be omitted here. When the various con- 
tributions to qr are consolidated and gray-body conditions 
( c  = a) are assumed, one obtains 

qr(xo)= ~ u T ~ ( x ~ )  - C X U T I ~ F X ~ - I  - c u ~ T ~ ~ F x o - 2  - 

L/h 

Fig. 3. Moss throughflow results. 
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(11) 
The last terms on the right represent the energy ab- 
sorbed at xo owing to inteneflected radiation. 

The heat flux q m  for the molecular convection is most 
easily derived by analogy with the radiation balance of 
Equation (11).  To accomplish this, it is necessary to in- 
troduce several new quantities. One of these is the ac- 
commodation coefficient' a, which characterizes the ex- 
tent to which mass incident on a surface is brought into 
thermal equilibrium. In reference 3, it has been demon- 
strated that a plays a role in the convective transport 
analogous to that of a in the radiative transport. In ad- 
dition, the black-body radiation from the reservoirs is 
analogous to the convective energy fluxes ei and e2 

e1,2= 0 . 5 R [ ( y +  l ) / ( y - l ) ]  mi,zT1,2 (12) 

in which mi or mz may be found from Equation (1) .  
Finally, the emissive power aT4 ( xo) at a surface location 
xo is analogous to the equilibrium convective energy flux 
e (xo) 

e(xo) = 0 . 5 R [ ( y +  l ) / ( y - l ) ]  m(xo)  T(xo) (13) 

The mass flw m(xo) has previously been derived and is 
represented by Equation ( 5 ) .  Utilizing the analogous 
quantities outlined above in conjunction with Equation 
( 11), the convective energy balance is 

q m ( x o )  = ae(xo) - aelFso-l - aezFzo-z - 

(14) 
If the surface temperature is prescribed, then Equation 

(11) becomes an integral equation for determining 41; 
and, for prescribed surface temperature, Equation (14) 
becomes an integral equation for q m .  Therefore, for this 
condition, Equations (11) and (14) are completely in- 
dependent of one another. The separate solutions for q r  
and q m  can be added together in accordance with Equa- 
tion (10) and the local heat flux 9 corresponding to the 
prescribed surface temperature is thus obtained. 

For the condition of prescribed heat flw, the problem 
is more complex. In general, although q might be pre- 
scribed, the separate radiative and molecular fluxes q T  

and qm would not be known a priori. Consequently, 
Equation (11) contains two unknowns: T ( x )  and q T ( x ) .  
Similarly, Equation (14) contains two unknowns: T (x) 
and q m ( X ) .  It is therefore necessary to solve Equations 
(11) and (14) simultaneously in conjunction with Equa- 
tion (10) and a prescribed distribution of q.  The pres- 
ence of three unknowns in the problem adds considerable 
complication as may be evidenced if one attempts to map 
out a procedure by which solutions may be obtained. I t  
is possible, after a lengthy development, to reduce the 
foregoing mathematical problem to a single equation. Be- 
cause of its length and complexity, this equation has been 
placed in the appendix as Equation (Al ) .  

If q ( x )  is prescribed, then in principle the temperature 
distribution T ( x )  can be solved from Equation ( A l ) .  
However, the practical details are quite formidable. First 
of all, the equation is nonlinear since the temperature 
appears both as T and T4. Second, even in the relatively 
simple case of uniform wall heat flux q(x) = qo, there 
would be seven independent parameters. 

qo/uTt4; T2/Tt; pdpl; 81 = ei/uTi4; L/h;  a; a 
(15) 

*Valuable discussions relating t o  the numerical values of a and their 
experimental determination are found in references 6 and 7. 

Of these, only .the /3i parameter may be somewhat un- 
familiar and this will be discussed later. Inasmuch as nu- 
merical means would almost certainly be utilized in solv- 
ing Equation (Al) ,  it would be necessary to specify nu- 
merical values of the parameters before each attempt at 
a solution. A minimum exploration involving two values 
of each parameter would give rise to 27 = 128 cases. 
Clearly, the computational effort for the general case is 
enormous. 

For the special situation in which a = a, a significant 
simplification occurs. For this condition, when Equations 
(11) and (14) are merged the heat transfer terms appear 
only as the sum q T  + q m  = q.  Also, the temperature-de- 
pendent terms also appear only as a sum which will be 
denoted by 

0 = e + (rT4 (16) 

With this, the sum of Equations (11) and (14) is 

-- q (xo) - e ( x 0 )  - BIFzo-l - BzFxo-a - 
U 

It is seen that for a prescribed heat flux q, Equation (17) 
is linear in the temperature variable 8. The significance 
of this is that separate solutions can be found correspond- 
ing to each of the inhomogenous terms, and these can be 
consolidated at the end. This permits a subdivision of the 
problem into several parts with the result that the num- 
ber of parameters involved in numerical solutions is dras- 
tically reduced. In addition, the linear equations are more 
amenable to numerical solution than are the nonlinear 
equations. 

Discussion 

In deciding on a reasonable direction for the numerical 
work, it is appropriate to look at the properties of typical 
engineering materials. Surfaces which may be expected 
to emit and reflect infrared radiation in an approximately 
difhse manner include nonmetals, metallic oxides, and 
perhaps very rough metallic surfaces. Such surfaces have 
moderate or high values for the absorptivity coefficient a. 
Highly polished metallic surfaces are usually the specular 
type of reflectors, such as mirrors, and are characterized by 
low values of a, usually below 0.1. Therefore, an analyti- 
cal model based on diffusely distributed radiation should 
be confined realistically to moderate or high (Y values. 
Furthermore, experimental values of the accommodation 
coefficient a tend to be high for various gases on engi- 
neering surfaces which have not been physically and 
chemically cleaned and purged of adsorbed gases. In the 
light of the foregoing discussion, it would appear that the 
values of u and a appropriate to an analysis based on dif- 
fusely distributed radiation should not be greatly different. 

For the case of prescribed surface temperature, the 
heat fluxes owing to radiant transport and to free-molecule 
transport can be determined separately by solving Equa- 
tions (11) and (14), respectively. The combined heat 
flux can then be found by summing these separate con- 
tributions. These calculations can be carried out for any 
(Y and a, but as described above they have practical mean- 
ing only for moderate and high values of a and a. 

For the case of prescribed heat flux, it would be nec- 
essary to deal with Equation ( A l )  for the case of OL # a. 
When OL = a, then Equation (17) can be applied to the 
prescribed heat flux problem. In a first attack on any 
problem, it is natural to consider the simplest cases from 
which insights can be obtained about the physical pro- 
cess. When the foregoing discussion about the magnitudes 
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of a and a is taken into account and ,the complexity of the 
mathematical system represented by Equation ( A l )  is 
recalled, the authors are persuaded that Equation (17) is 
a more appropriate starting point for numerical considera- 
tion than is Equation ( A l )  . From the results to be pre- 
sented in later sections, it will be seen that for surfaces 
which realistically can be considered as diffuse, there is 
little motivation to pursue the refinements (that is, Q + a )  
contained in Equation ( A l )  . 

.It is appropriate here to say a few words about the 
parameter Jsi in Equation (15). In general, with sub- 
script 1 removed, fi  denotes the ratio of the convective to 
the radiative energy flux. In particular, /3i compares ;the 
convective and the radiative energy effluxes from reser- 
voir 1. As employed in the forthcoming presentation, pi 
will be a multiplying factor of the convective terms in 
the heat transfer or temperature equations. For air at 
500"R. (room temperature), /3 = lo5 p (atm.). For a 
plate spacing of 0.1 in. pressures no greater than 2 
mercury (2.6 x lop6 atm.) would probably insure free- 
molecule conditions; while for a spacing of 1 in., pres- 
sures of 0.2 p. mercury and less would be required.* The 
corresponding room temperature /3 values would be 0.26 
and 0.026. Since fi  - T-3.5, it is seen that fi  becomes 
larger at low temperatures and becomes smaller at high 
temperatures. 

UNIFORM WALL TEMPERATURE 

For the condition that T ( x )  = TO = a constant, the 
governing Equation (11) for qr becomes 

n.(x.) = u ( To4 - T14) Fro-] + u ( To4 - Tz4) Fzo--2 
tY 

A similar reduction of Equation (14) leads to 

The solution of these is facilitated by considering the 
integral equation 

g i ( X o )  = Fxo-l + (1  - i) s,' g i ( X )  dFxo-x, i= a or a 

In terms of the g function, qr can be written as 
(20) 

qr ( X )  /U = u ( To4 - T14) ga ( X )  

3- u ( T o ~ - T ~ ~ )  gpl (1-x) (21) 

A similar result applies for qm. The local heat flux q is 
then found as the sum of q r  and 9m as 

q(X) /uT i4  = LY ([ ( -$)4 - 11 g a ( X )  

* Ratio of mean free path to spacing is 10. 

In addition to the local heat flux, it is also of interest 
to determine the rate Q (per unit width) at which heat 
is transferred from the entire length of channel: 

L 
Q = 2 s o  q(x)dx (23) 

When the result for q as given by Equation (22) is util- 
ized, there follows 

-= Q 
aza [I ( -g)4 - (+ >" - 1] 2rTi4h 

in which 

1 1 
Zi * ( h / L )  = Jo g i ( X ) d X  =so gi(1 - X ) d X  (25) 

To complete the heat transfer results, it still remains 
to provide the g function and its integral Z. This informa- 
tion has been obtained by numerically solving the integral 
Equation (20)  for parametric values of L/h  of 0.25, 0.50, 
1, 2, 4, 6, 10, 15, 20, 30, and 40. For each one of these, 
solutions were carried out for a and a values of 1.0, 0.8, 
0.6, 0.4, and 0.2. A presentation of the solutions for g as 
a function of x would involve a set of graphs containing 
fifty-five curves. This i s  precluded by space limitations; 
however, the graphs are available and may be obtained 
from the authors. 

In general, a typical graph would show that g de- 
creases with x. For short ducts, the g function varies only 
slightly wi,th position along the channel. Correspondingly, 
the local heat flux q undergoes only a modest variation 
with position. As L / h  increases, so does the variation of 
g with x. For very long ducts, both g(x) and g ( L - x )  
are essentially zero in the central region of the channel. 
Because of this, the local heat flux q in the central region 
of long channels is also essentially zero. This is physically 
plausible inasmuch as neither radiant energy nor molecu- 
lar convection can penetrate very far in from the ends of 
the channel. The g curves lie lower with increasing values 
of a or 101. However, the effect of this on the local heat flux 
q is opposed by the factors of a and VY which appear in 
Equation (22). 

The Z integral needed for the overall heat transfer re- 
sults have been calculated in accordance with Equation 
(25). In general, a graph of Z as a function of L/h  in- 
creases sharply from a value of zero at L/h  = 0 and then 
tends to level oft' at larger L/h. Indeed, the most striking 
feature of such a graph is that I is relative1 independent 

erate or higher values of a or a. When Equation (24) is 
considered, this feature implies that Q is relatively inde- 
pendent of L / h  except for short channels. For instance, 
when a and a are on the order of 0.6 and larger, the over- 
all heat transfer rate for a channel of L / h  = 40 is less 
than 2% greater than that for a channel of L / h  = 20. 
Once again, space limitations preclude graphical presenta- 
tion of the I function, but for purposes of orientation it 
may be noted that the I values at L / h  = 40 are 0.493, 
0.587, 0.732, 0.990, and 1.631 respectively for u or VY = 
1.0, 0.8, 0.6, 0.4, and 0.2. 

With the aforementioned information at hand, the local 
and overall heat transfer rates can be respectively calcu- 
lated from Equations (22) and (24) by simple arithmetic 
operations. These results depend upon seven independent 
parameters 

of L / h  in the range of larger L/h, especia Y y at the mod- 
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PI 
Fig. 4a. Illustrative heat transfer results for uniform wall tem- 

perature, L/h = 1. 

To/Ti; T2/T1; p2/p1; L/h; 81; 101; u 

For the local heat flux, the position coordinate x / L  is 
another variable. In any reasonable amount of space, it is 
impossible to present plots which will demonstrate the 
complete parametric dependence of the heat transfer. 
Within the limitations of space, the best that can be done 
is to attempt to establish some feeling for trends. To this 
end, Figures 4a and 4b have been constructed. These 
deal with the overall heat transfer results for some repre- 
sentative situations. (The overall heat transfer permits a 
simpler presentation than the local heat transfer because 
the x-dependence does not appear.) 

Figure 4a is meant to typify short channels, while Fig- 
ure 4b is to typify long channeIs. On the ordinate, the 
heat transfer Q is plotted as a ratio with the heat transfer 
Q r a d  for purely radiative transport. The departure of 
Q / Q r a d  from unity is a direct measure of the effects of 
molecular convection. Curves are shown for two tempera- 
ture conditions, To/Ti  = 1.1 (solid lines) and To/TI = 
1.6 (dashed lines), and for a variety of 101 and a values. 
From the figures, it is seen that for small values of 81 
radiation is apparently the more important mode of heat 
transfer. As previously noted, representative 81 values for 
air at 500"R. may be in the range 0.026 to 0.26. Further, 
since 81 -  TI-^.^, it appears that radiation will dominate 
at temperature levels above room temperature. At lower 
temperatures, molecular convection will have a more 
important effect. 

For the short channel (Figure 4a) ,  the detailed values 
of the temperature ratio and of the surface properties have 
an important influence on the Q / Q r a d  ratio. Surfaces hav- 
ing an accommodation coefficient much higher than the 
absorptivity favor the molecular convection. When .(Y = a 
and particularly when > a, the molecular convection 
plays a decidedly minor role. It is also seen from the 
figure that the radiation dominates more fully when the 
temperature ratios of the problem are larger. 

The results for the long channel (Figure 4b) show 
some interesting differences in detail compared with those 
for the short channel. First of all, the molecular convec- 
tion is clearly of lesser importance in the long channel. 
Second, the results are much less influenced by the de- 
tailed values of (Y and a. This is physically plausible, since 
the multireflections which take place in a long channel 
produce effective values of a or a which are much higher 
than the actual values. The relative insensitivity just 
noted means that the 101 = a results become fairly typical 
for a channel of given L / h  and temperature ratio. It may 
also be noted that channels of moderate length already 
behave like Iong channels. 

UNIFORM WALL HEAT FLUX 

As previously discussed, the uniform heat flux case will 
be treated here for the condition of a = a. Returning to 
Equation (17) and introducing y ( x )  = qo = constant, 
there follows after some rearrangement 

B(X0) = yo + [o, + - p o ] F x o - l  l - a  

l - - a  + [ 82 + - q o  ] FXo-2 + s,' B(X)dFxo-x (26) 
U 

When solutions of this equation are considered, it is 
helpful to make use of the auxiliary integral equation 

1 
H(X0) = 1 + fo H(X)dFxo-x (27) 

The solution corresponding to the inhomogeneous part 
90 of Equation (26) can be written in terms of the H 
function, while the solu,tions corresponding to the inhomo- 
geneous terms involving Fxo-i and Fxo-z can be writ- 
ten in terms of the f function of Equation (3 ) .  With 
these, the solution for 0 is 

8(X) = e(X) + uT4(X) = &f(X) 

1-a 
+Bzf( l -X) + q o [ - + H ( X ) ]  a (28) 

in which Equation (9) has also been used. When the 
definitions of 8 and e are introduced and the equation is 
rearranged, there follows 

+(3] + q - + w 1  l - a  (29) 
uT1 a 

This is a fourth degree algebraic equation for the dis- 
tribution of the wall temperature as a function of position 
along the channel. The calculation requires the functions 
f and H as input data. The first of these has already been 
discussed and is plotted in Figure 2. The H function has 
been solved numerically, but space limitations preclude 
its presentation here. In general, a graph of H as a func- 
tion of x would increase monotonically from a nonzero 
value at x = 0 to a maximum at x = 0.5L. Such a graph 
would be symmetric about x = OSL. For channels with 

TJT,=Tt/T,=1.6 1 p/F34 1 
T, ,T,=RESERVOIR TEMPS 

PI 

Fig. 4b. Illustrative heat transfer results for uniform wall tem- 
perature, L/h = 30. 
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Fig. 50. Illustrative wall temperatures for uniform heat flux, 

L/h = 1. 

large L/h, the H funotion takes on large values, especially 
in the central region of the channel. Thus, at x / L  = 0.5, 
H has the values 1.14, 1.32, 1.77, 2.93, 5.92, 9.62, 18.9, 
33.8, 52.0, 97.7, and 155.3 respectively for aspect ratios 
L/h of 0.25, 0.5, 1, 2, 4, 6, 10, 15, 20, 30, and 40. 

With the f and H functions thus available, the varia- 
tion of the wall temperature along the length of the 
channel can be determined from Equation (29).  Solutions 
of the quartic can be obtained in closed form by finding 
the roots of the resolvent cubic as described in reference 
8. The wall temperature results depend upon the values 
of six independent parameters as listed in Equation (15) 
with a = a. Once again, space limitations preclude a dis- 
play of the complete parametric dependence of the re- 
sults. To show the trends, the illustrative Figures 5a and 
5b have been prepared. The first of these, for L/h = 1, 
is meant to typify a short channel, while the latter is for 
a typically long channel, L / h  = 30. On the ordinate, there 
is plotted the ratio of the wall temperature at some x 
location to the wall temperature which would exist at the 
same x when radiation acts alone. The departure of the 
T/Trad ratio from unity is a direct measure of the effects 
of free-molecule convection. Curves are plotted for pres- 
sure ratios p d p i  of 3 and 1/3, temperature ratios T2/T1 
of 1.1 and 1.6, and qO/0Ti4 values of 0.25 and 2.5. 

Consideration is first given to Figure 5a on which is 
shown the T/TrQa results at x = OSL. From auxiliary 
plots, it was found that the T/Trad ratio at other x posi- 
tions did not differ qualitatively from those of Figure 5a. 
This is quite reasonable for a short channel. The most 
striking feature of this figure is the highly expanded ordi- 
nate scale. For the previously estimated room-temperature 
values of 81 - 0.026 - 0.26, it would appear that the 
effect of molecular convection is essentially negligible for 
all the cases considered in the figure. Even for the large 
81 values, the departures of T from Trad continue to be 
small. The largest departures occur for p d p i  = 3. How- 
ever, since 81 - pi, it is not likely that large pi and large 
p d p i  will occur simultaneously. The results for TdTi = 
1.6, plotted at the top of the figure, show a smaller effect 
of molecular convection than do the results for Tz/Ti = 
1.1 which are plotted at the lower part of the figure. It 
is also seen that the curves are somewhat affected by the 
values of qo/aTi4 and cy (= a) .  Although T and Trad 
vary in a regular way with these parameters, the ratio 
T/Trad need not, and this is evidenced in Figure 5a. 

The results shown in Figure 5a were calculated for the 
condition 1 0 ~  = a. When (Y > a, the deviations of T/Trad 
from unity should be even smaller than those of the figure. 
On the other hand, when a > a, the deviations from unity 
will be larger than those of the figure. However, it is the 
opinion of the authors that radiation will still be the 

dominant transfer mechanism at typical 81 (that is, 81 - 
0.026 - 0.26) even if a is much greater than a. When a 
is only moderately larger than a, the T/Trad results should 
differ little from those of the figure. 

Next, consideration is given to the results typical of 
long channels, Figure 5b. The T/Trad ratios are now a 
stronger function of position than for the short channel. 
In accordance with this, results are plotted for x / L  = 0, 
0.5, and 1, the first of these on the lower part of the figure 
and the latter two on the upper part of the figure. Highly 
expanded ordinate scales are used as before. The most 
interesting feature of this figure is that the results are 
essentially independent of the level of a (or a) .  In gen- 
eral, radiation appears to dominate in about the same way 
as was discussed in connection with Figure 5a. 

For long ducts, it is expected that the detailed values of 
a or ILY will have no significant effect on the results within 
the range of a or in which the diffuse assumption is 
reasonable.’ In other words, the results for a = a should 
be applicable with negligible error for long channels. 
Thus, Equation (29) can be applied quite generally for 
long channels and the term ( 1  - a ) / a  may be deleted 
without loss. An estimate of the conditions under which 
the aforementioned long-channel generalization applies 
may be found by comparing (1  - a) / a  or (1 - a) /a 
with H ( x )  . 

THE ADIABATIC WALL 

The analysis for the adiabatic wall is most easily car- 
ried out as a special case of uniform heat flux in which 
q o  = 0. Further, when .(Y = a, the solution for the adi- 
abatic wall temperature follows from Equation (29) 
simply by deleting the last term on the right-hand side of 
the equation. The calculation of numerical results depends 
upon the f function (available from Figure 2)  and upon 
the values of four independent parameters: T d T i ,  pz/pi, 
L/h, and 81. There is also a dependence on the position 
coordinate x.  As before, space limitations restrict the 
graphical presentation of results to illustrative cases. 

Figure 6 contains adiabatic wall temperature results for 
a typical short channel, L/h  = 1, at three locations: 
x / L  = 0, 0.5, and 1. The ordinate is the ratio of the 
adiabatic wall temperature at a given location to the 
adiabatic wall temperature for pure radiative transport 
at the same location. Curves are plotted for various pres- 

* For very low (Y or Q, it would be expected that the directional proper- 
ties of the reflection would be closer to specular. 
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Fig. 5b. Illustrative wall temperatures for uniform heat flux, 

L / h  = 30. 
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- Tmd TO = uniform wall temperature 
X = dimensionless coordinate, x / L  
x = longitudinal coordinate 
xo = a particular value of x. 

Greek Letters 
a = absorptivity 
/3 
y = specific heat ratio 
E = emissivity 
0 
p = reflectivity 
u = Stefan-Boltzmann constant 

Subscripts 
PI 1 = reservoir 1 

2 = reservoir 2 
i = u o r a  
r, rad = radiative 
m, mol = molecular 
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= ratio of convective to radiative energy efflux 

= energy variable, Equation (16) 

Fig. 6. Illustrative adiabatic wall temperatures, L / h  = 1. 

sure and temperature ratios. The upper part of the figure 
is for T d T i  = 1.1, while the lower part of the figure is 
for T d T i  = 1.6. When the figure is inspected, it is im- 
mediately evident that the deviations of T from Traa are 
very small indeed. In fact, for 81 - 0.25, the deviations 
do not exceed one-half of 1%. From this, one might be 
led to conclude that radiation is fully dominant over free- 
molecule convection. This is not necessarily the case. To 
demonstrate this, the adiabatic wall temperature corre- 
sponding to pure molecular convection, TWZ, has been 
calculated and is noted in the right-hand margin of the 
figure as a ratio T m o d T r a d .  In many cases T m o d T r a d  is 
not very different from unity. However, the essential point 
is that when Tmol and T r a d  are appreciably different, it is 
the radiative transport which wins out. 

for a typical long tube can be described 
without the use of an additional figure. At locations near 
the entrance and exit of the channel, T r a d  and Tmol  are 
not very different. Therefore, the adiabatic wall tempera- 
ture caused by the simultaneous operation of both mech- 
anisms will differ little from either Tntoz or T r a d .  For the 

continue to apply for any channel L/h.  As before, when 
Tmol  and T r a d  are significantly different, the radiative 
transport dominates. APENDIX 

are not very different, the adiabatic wall temperature can 
be calculated without appreciable error by considering 
only the radiative transport. The authors believe that this 
conclusion will continue in force for moderate 81 values 
for any a and CY which are consistent with the assumption 
of diffuse reflection. 

NOTATION 
A = surface area - l ’ q ( X ) { [ ( l -  a )  + ( 1  - a) ldFxo-x  

a = accommodation coefficient - ( l - a ) ( l - a ) d K ( X , X o ) }  ( A l l  
e = convective energy/time-area 
F = angle factor 
f ( x )  = solution of Equation (3)  

and p. 

The 
New yo& ( 1961). 
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It appears quite ‘Iear that for the when and a General Integral Equation Relating T(x) and q(x) 

--4 ( xo) + auT4 ( xo + xo - A ( xo = 

s $ T ~ ( X ) [ a ( 2 - a ) d F x o - x -  a ( 1  - u ) d K ( X , X o ) l  

+ l l e ( X )  [a(2 - a)dFxo-x  - a(  1 - a ) d K ( X ,  X O ) ~  

A( X )  represents a known function of X 

A( X , )  = [ ~ u T z ~  + aezl Fxo--2 
g ( x )  = solution of Equation ( 2 0 )  1 
H ( x )  = solution of Equation ( 2 7 )  - c a ( i  --a)uT24 + a ( i  --a)eziJ ~ x - z d ~ x , - x  
h = spacing between plates 0 

I 
L = channel length 
M 
m = mass flux/time-area 
p = pressure 
Q = overall heat flux/time 

+ [auT14 + aei]Fxo-i  = integral of g function, Equation ( 2 5 )  

= rate of mass throughflow 1 
- [a( 1 - a ) ~ T 1 4  + a( 1 - a ) a l j  Fx-ldFx,-x 

0 

and dK is an abbreviation for 

d K ( X ,  X , )  =.f dFxl-xdFxo-xl 

with X1 a dummy integration variable. 

q = local heat fluxhime-area 1 

qo = uniform heat flux x1=0 
R = gas constant 
T = absolute temperature 
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